We provide a new proof that the upper nilradical of a compact ring coincides with the sum of its left nil ideals using the properties of orthogonal idempotents in compact rings. 3
In this note all rings are assumed to be associative, but neither unital nor Hausdorff. A topological ring is a pair (R, T ), where R is a ring and T is a topology on R, such that (R, +, T ) is a topological group and multiplication · : R × R → R is continuous. We adopt the following standard notations and definitions. The sum of all left nil ideals of R is denoted by A(R). The upper nilradical of R is the sum of all two-sided nil ideals of R and is denoted by N (R). The Jacobson radical is denoted by J(R).
Perhaps the most persistent open problem in non-commutative ring theory is whether or not A(R) = N (R) for an arbitrary ring R, the so-called Köthe problem. Ursul [2] proved in 1984 that they do indeed coincide for a compact topological ring R by studying nilrings of bounded index. In this note we provide a new, straightforward proof that A(R) = N (R) for any compact topological ring R.
Theorem. Let R be a compact topological ring. Then A(R) = N (R).
. This quotient is compact as the continuous image of a compact ring. Suppose that S is nontrivial. If S is quasi-regular then, since the Jacobson radical of a compact ring is nilpotent [1] , we have
and it follows that
a contradiction. Thus, we assume that S is not quasi-regular. Then S possesses a nonzero local idempotent e, which is expressible as a sum of nonzero local orthogonal idempotents {e i } i∈I [3] . Therefore
where e ′ j = i∈I\j e i is a nonzero idempotent orthogonal to e j . Note that e j = e ′ j otherwise e 2 j = e j = 0. Now e j e = ee j = e j , so e j ∈ eRe. Similarly, e ′ j e = ee ′ j = e ′ j so e ′ j ∈ eRe. Therefore e j and e ′ j are two different nonzero idempotents in the local ring eRe, a contradiction.
